This paper overviews state of the art of multiaxial low cycle fatigue. Many review papers have already published on multiaxial low cycle fatigue and most of the review papers discuss correlation parameters of multiaxial low cycle fatigue lives by categorizing the parameters. This paper, however, rather focuses on the physical background of the effect of multiaxial stresses and strains on low cycle fatigue lives. Firstly, little effect of mean stress (hydrostatic stress) on tensile stress-strain relationships was presented to discuss little effect of the mean stress on crack initiation lives in multiaxial low cycle fatigue. Next, competing two cracking modes, maximum shear and principal cracking modes are discussed. The two cracking modes complexly occurred in multiaxial low cycle fatigue, depending on strain range, strain multiaxiality and existence of notches. At the third part of this paper, couples of energy and strain parameters developed by the authors were introduced and discussed for the correlation of multiaxial low cycle fatigue lives, and those parameters were compared to examine the difference of the parameters. Nonproportional low cycle fatigue lives were discussed in relation with the additional hardening of materials at the last of the paper.
Introduction
Some components in machines and structures undergo multiaxial low cycle fatigue damage. Combination of bending, twisting and tensile loadings is a typical loading mode of multiaxial loading and combination of thermal and mechanical loadings also give multiaxial stresses to the components. Typical components that undergo multiaxial low cycle fatigue (LCF) damage are turbine blades where equi-biaxial tension-tension LCF damage occurs and rotating discs also undergo multiaxial LCF damage during the change in rotating speed. Torque bars are a typical example that undergoes torsion fatigue damage and notched components like fillet, holes, grooves etc. are the most frequently observed that undergo multiaxial LCF damage.
Accurate and simple multiaxial LCF criteria are needed for a safe and economical design of structures and components. Many multiaxial LCF parameters have been proposed and extensive discussions have been exchanged in a series of "International Conference on Multiaxial Fatigue and Fracture". The first conference was held in 1982 organized by Keith J. Miller in San Francisco, USA, and subsequently conferences were held every three years. The most recent conference was held in Kyoto in 2013 (ICMFF10, 2013 and special issues compiling selected papers at the conference will be published in International Journal of Fatigue and Engineering Fracture Mechanics in 2014. The latest special issue was already published in International Journal of Fatigue (IJF, 2011) compiling the selected papers at the 9th International Conference on Multiaxial Fatigue and Fracture in 2011 and readers may refer these conference papers to look into the recent topics in multiaxial fatigue studies.
The objective of this paper is to overview state of the art of multiaxial fatigue studies. Since a recent few review papers (Fatemi and Socie, 1988) (You and Lee, 1996) (Carpinteri and Spagnoli, 2001 ) (Wang and Yao, 2004) (Karolczuk and Macha, 2005) (Fatemi and Shamsaei, 2011) and books (Socie and Marquis, 2000) (Susmel, 2009) (Lee, et al., 2012) have been issued and most of review papers state multiaxial LCF studies chronologically but this paper rather focuses on the physical background of damage mechanism in multiaxial LCF. So, this paper does not overview multiaxial LCF papers by categorizing them but tries to state the physical background of multiaxial LCF damage mechanisms, which seems to be more interesting to readers. Also, topics of this paper is limited to the effect of multiaxial stress and strain on LCF and the effect of them on high cycle fatigue is excluded. In this sense, this paper does not cover all the topics in multiaxial fatigue and the topics, this paper does not mention, readers can refer the review papers and books stated above.
Definition of multiaxial stress and strain
Before discussing multiaxial LCF, the stress and strain multiaxiality should be appropriately defined. Figure 1 schematically illustrates a body applied with external forces of F 1 -F 3 and consider the stress and strain states at a point, P. Six independent stress and strain components exist at the point P, but the different stress and strain components work between plane A and plane B. If we use these stress and strain components to define the stress and strain multiaxiality, the multiaxiality would change depending on the plane. This is inconvenient and the stress and strain multiaxiality should be uniquely determined at point P. To define the stress and strain multiaxiality uniquely, the principal stresses and strains are suitable to use in defining the stress and strain multiaxiality because the principal values are uniquely determined at all the points.
The following stress ratios (λ 1 , λ 2 ) and strain ratios (φ 1 , φ 2 ) are frequently used to define stress and strain multiaxiality by the principal stresses and strains.
In these equations, σ 1 , σ 2 and σ 3 are the maximum, intermediate and minimum principal stresses and ε 1 , ε 2 and ε 3 are the maximum, intermediate and minimum principal strains, respectively. The two principal stress and strain ratios are required to completely express the multiaxial stress and strain states, but only a principal stress ratio (λ 2 ) and a principal strain ratio (φ 2 ) are sufficient to express the stress and strain multiaxiality if the intermediate principal stress and strain does not play an important role in the multiaxial LCF. Note that total strains were used to define the principal strain ratio in Eq. (2).
Following to the definitions, the stress state in a simple tension test is uniaxial but the strain state is multiaxial because three principal strains exist even in a uniaxial tension test. So, one can understand that the values of λs do not agree with those of φs, but we have to accept this inconsistency from a trade-off for the rigorous definition of stress and strain multiaxiality. Fig.1 Stress and strain components at P.
Effect of mean (hydrostatic) stress on tensile flow stress and ductility
The first person who systematically studied the effect of mean stress (hydrostatic stress) on mechanical behavior of materials is P. W. Bridgeman (Bridgeman, 1935) (Bridgeman, 1945) who was awarded with the Nobel prize in 1946 for the invention of an apparatus to produce extremely high pressures and for the discoveries he made therewith in the field 
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of high pressure physics. He systematically studied the effect of hydrostatic stress on mechanical behavior of materials including tensile and fatigue behavior. In this paper, the stress expressed in the following equation is called "mean stress". Figure 2 shows the effect of negative mean stress (hydrostatic stress) on the tensile stress-strain relationship of pure iron. The figure clearly shows that the negative mean stress gives little influence on the flow stress but the tensile ductility is increased by the negative mean stress (Ohnami, et al., 1971) . The results mean the following two points. The plastic deformation is induced by the deviatoric stress expressed by the following equation.
S ij is the deviatoric stress tensor, σ ij the stress tensor and δ ij the Kronecker's delta. Little influence of the negative mean stress on plastic deformation has been well known in the research field of plasticity of metals and the plastic potential that describes the plastic deformability is written only with the deviatoric stresses like von Mises or Tresca potentials (Hill, 1950) . No volumetric change after plastic deformation is another evidence to support the major contribution of the deviatoric stresses to plastic deformation. Growth and coalescence of voids in a necking part is the main cause of tensile fracture for ductile materials (McClintock, 1968) and the negative mean stress suppresses the voids development. As the results of less voids development, the tensile ductility under negative mean stress is increased than under no negative mean stress. Figure 3 shows the effect of the negative mean stress on push-pull LCF lives (Ohji, et al., 1972) . The results show that the negative mean stress has little influence on fatigue lives. Several papers, however, reported the opposite effects of the negative mean stress on fatigue lives. Some papers reported the negative mean stress elongating the fatigue life and others shortening the fatigue life (Pugh, 1970) . However, overall trend of the effect of the negative mean stress on LCF lives is concluded to be little influence of the mean stress.
One of the main physical mechanisms of fatigue failure is the crack nucleation from intrusion and/or extrusion and propagation in stage one (shear) cracking followed by stage two (principal) cracking as shown in Fig.4 (Forsyth, 1957) . As shown in Fig.2 , the negative mean stress has little influence on plastic deformation, so the formation of the intrusion and extrusion is little influenced by the negative mean stress and therefore the crack nucleation is little influenced by the mean stress. The crack propagation is driven by the stress and strain intensity at crack tip so the mean stress would have some influence on crack propagation and which will be discussed later in relation with the correlation parameter of multiaxial LCF lives.
Note that different mechanisms other than the intrusion and extrusion have been reported as causes of fatigue crack nucleation, so the mean stress would give some influence in other cases. Material defects, like inclusions, voids etc., and Fig.2 Effect of negative mean stress on tensile stress-strain relationship (Ohnami, et al., 1971) . Nominal strain ε, % Nominal stress
Nominal strain ε, % grain boundary sliding are the different crack nucleation mechanisms, and the effect of the mean stress on crack nucleation in these cases has not been well understood. As shown in Fig.2 , tensile ductility was increased by the negative mean stress, so fatigue failure may be increased with the negative mean stress because tensile ductility has some influence on fatigue life (Manson, 1965) . Especially, the mean stress has a strong effect to increase fatigue life if ratcheting is accompanied with fatigue failure. Fig.3 Effect of negative mean stress on low cycle fatigue life (Ohji, et al., 1972) . 
Cracking direction under multiaxial stress states
Cracking direction is also one of the important topics for developing a damage model of multiaxial LCF. Most popular model of cracking direction is that cracks initiates and propagates in the maximum shear directions.
This cracking mode actually exits but does not always occur. Figure 5 (Sakane, et al., 1987) shows crack directions in tension-torsion LCF tests using SUS 304 stainless steel at 923K, where the cracking directions were observed by classifying crack lengths into three categories. Main crack was long cracks that caused the failure of the specimen, sub crack was cracks whose lengths were between 0.1 mm and 1 mm and the micro crack was tiny cracks whose lengths were less than 0.1 mm. In the figure, tests at φ = −0.5 are the tension tests and those at φ = −1 are the torsion tests, where φ is the same definition as φ 2 in Eq. (2). In those definitions, the incompressibility of materials was assumed because plastic strains were dominant in LCF regime. In the figure, dashed lines indicate the maximum principal directions and the cracking is in the maximum principal direction for the data falling on the lines. Chained lines indicate the maximum shear directions and the cracking is in the maximum shear direction for the data lying on the lines. The data of the specimen with a center notch hole (Ohnami and Hamada, 1982) are superimposed in the figure with rectangular marks. As seen in Fig.5 , the main cracks in the tension tests (φ = −0.5) propagated in the principal direction and those in the torsion tests (φ = −1) in the maximum shear direction. The sub cracks propagated in the same direction as the main cracks but the micro cracks formed on both the principal and maximum shear directions. The transition of cracking direction between the principal and maximum shear directions was occurred at φ=0.74. The similar transition was also reported as shown in Table 1 for other materials (Sakane, et al., 1987) , where the principal strain ratio at transition for Cr-Mo-V steel was changed depending on the maximum shear strain range. So, the applicable shear strain range is attached only for CrMo-V steel and the other steels did not show the maximum shear strain range dependency. The crack directions also changed at the similar principal strain ratios whereas small differences exist in the transition ratio. Table 1 Principal strain ratio at mode I-mode II transition for heat resistant steels (Sakane, et al., 1987) . Fig.5 Cracking directions in tension-torsion low cycle fatigue of SUS304 stainless steel at 923K (Sakane, et al., 1987) .
Principal strain ratio φ =ε 3 /ε 1
Crack angle at failure θ, deg. The cracking direction does not only depend on the strain multiaxiality but many factors do have the influence on the cracking direction. The stress and strain ranges also have a strong influence on the cracking direction. The cracking direction in torsion tests is the maximum shear direction at high stress and strain ranges but it is the principal direction at low stress and strain ranges for most materials (Socie and Marquis, 2000) (Makabe and Socie, 2001 ) (Sawada, et al., 2005) , Fig.6 . The maximum shear cracks formed in torsion tests at high stress and strain ranges but the shear cracks branched into the two principal directions after propagating certain lengths. The critical length at branching depended on the stress and strain range (Sawada, et al., 2005) .
Notches give also complex effects on the cracking direction in torsion tests. Under shear cracking condition in torsion tests using unnotched specimens, cracking direction remains in the maximum shear directions if the diameter of a notch hole is small like 100µm or is a surface hole (Nitta, et al., 1989) (Ogata, et al., 1993) , Fig.7 (a) . However, if the diameter of a notch hole is large like 1mm and a through hole, cracking directions are in the principal directions, Fig.7 (b) . The principal cracks were also found in the precracked specimens regardless the precrack direction being the maximum shear or principal directions shown in Figs.7 (c) and (d) (Sakane, et al., 1988) .
The physical mechanism of the crack direction change, depending on stress and strain range, notches and precracks, is still an open question, but we can see that the two cracking mechanisms, the shear and principal crackings, are competing and a small influential factor changes the cracking direction. Fig.6 Transition of cracking direction by strain range (Sawada, et al., 2005) . 
Proportional low cycle fatigue parameter
As discussed in the previous section, we have to consider the two cracking modes when considering the multiaxial LCF parameter. Many multiaxial LCF parameters were proposed so far and they are roughly classified into three categories. They are strain, stress and energy parameters. This paper focuses on only the energy and strain parameters and does not discuss the stress parameters because the stress parameters are seldom applied to LCF life evaluation excepting a few cases. Stress parameters are occasionally used in LCF problems for materials with elastic strain dominant materials like nickel base superalloys in LCF regime.
(1) Energy parameter Proportional LCF is the LCF with the principal stress and strain directions fixed with time and nonporportional LCF is that with the directions changing with time. Fig.8 illustrates the two cracking modes for proportional LCF.
The most commonly used multiaxial LCF parameter is von Mises equivalent strain (Mises strain), ε eq , expressed by the following equation.
Historically, Mises strain has been most widely used as a multiaxial LCF parameter for both proportional and nonproportional LCF and Mises strain is employed in ASME Code Case (ASME, 2013). However, recent multiaxial LCF studies are demonstrating that Mises strain is not accurately evaluate LCF damage and has some disadvantages. For example, Mises strain has no negative value, so the strain range is straightforwardly undefinable for multiaxial loading and does not estimate the multiaxial damage correctly, especially for nonproportional loading (Zamrik and Frishmuth, 1973 ) (Fatemi and Stephens, 1987 ) (Fatemi and Socie, 1988 ) (Itoh, et al., 1995) (Socie and Marquis, 2000) . Mises strain expresses the shear strain energy and has been used to describe the inelastic deformation. To use Mises strain as a LCF parameter is the extension of the inelastic deformation parameter to LCF parameter where cracking is the main failure mechanism, assuming that LCF damage is controlled by the shear strain energy. Tresca equivalent strain (Tresca strain) is another frequently used LCF parameter. Tresca strain assumes that LCF damage is controlled by the maximum shear strain. Tresca strain does not much differ from Mises strain and the difference is merely about 15 % at maximum.
Many energy parameters have been proposed and the most general form of the strain energy is expressed by the following equation (Garud, 1981) ,
where ∆W is the strain energy range, σ ij the stress tensor and ε ij p the plastic strain tensor. For tension-torsion LCF cases, the energy parameter is expressed by the following equation,
in the equation, ∆σ and ∆ε p are the axial stress and plastic strain ranges in tension and ∆τ and ∆γ p the shear stress and plastic strain ranges, respectively.
(2) Critical plane theory Equivalent strains like Mises and Tresca have been widely used to describe multiaxial LCF damage under proportional loading but these shear strain parameters do not base on the damage mechanism correctly in LCF. Actual damaging mechanism in LCF is the crack nucleation and propagation and damage parameter based on this mechanism is more reliable and acceptable. The two cracking mechanisms, as discussed previously, the maximum shear and principal crackings exit in multiaxial LCF as shown in Fig.8 1979) expressed by,
The model accounts the LCF damage to the combination of the maximum shear strain range (∆γ ) and the normal strain range (∆ε n ) for the case of the maximum shear crack, Fig.9 (a) . Material constants, i and j, are determined from the equi-LCF life diagram by changing the combination of ∆γ and ∆ε n . Two cracking modes were discussed in the Γ−plane model, called Case A and Case B, Fig.9 (b) , where Case A is the in-plane maximum shear crack and Case B the out-of-plane maximum shear crack that intersect to the free surface by an angle of 45 degrees. A more simplified damage equation of the Γ−plane model was also proposed (LE parameter) (Lohr and Ellison, 1980) for Case B as 
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The equivalent strain for the principal crack shown in Fig.8 (b) was also proposed and is shown by (COD parameter) (Itoh, et al., 1994 )
where φ is the principal strain ratio equated as ε 3 /ε 1 , ∆ε 1 the maximum principal strain range, and α and β are the constants independent on material taking the values of 1.83 and −0.66, respectively. Figure 10 shows the variation of multiaxial LCF lives with the principal strain ratio (φ) for Type 304 stainless steel cruciform specimens in the principal strain ratio range of −1 ≤ φ ≤ 1 (Itoh, et al., 1994) , where φ is defined as φ =ε x / ε y . ε x and ε y are the principal strains in x and y directions as shown in Fig.10 . The sign of ε x is opposite to that of ε y at negative φ, i.e., ε y is tensile strain but ε x is compressive strain, and the sign of ε x is the same as that of ε y at positive φ, i.e., ε y is tensile strain and ε x is tensile strain. The results in Fig.10 clearly demonstrate that the LCF lives decrease with the principal strain ratio that means the application of ∆ε x in constant ∆ε y tests drastically reduced the LCF lives. Figure 11 compares multiaxial LCF parameters introduced above, where the ordinate is the respective parameter normalized by ε y , and the abscissa is the principal strain ratio (Itoh, et al., 1994) . In the figure, BMK, LE and COD parameters are shown in Eqs. (8), (9) and (10), respectively. Since the LCF lives monotonously decreased with the principal strain ratio as shown in Fig.10 , the multiaxial parameter should be monotonously increase with the principal strain ratio in Fig.11 to correctly express the trend of the multiaxial LCF lives in the principal strain ratio range of −1 ≤φ ≤ 1.
Mises strain decreases with φ in the principal strain ratio range of −1 ≤ φ ≤ −0.5 but increases with φ. Mises strain does not correctly express the trend of the experimental data in the former range but does in the latter range. In this sense,
Mises strain overestimates only the φ = −1 data (torsion data) compared with the tension data. The BMK parameter monotonously increases with φ in the range of −0.5 ≤ φ ≤ 1 but has a quadratic form in the range of −1 ≤ φ ≤ −0.5. The BMK parameter does not correctly express the trend of the multiaxial LCF data in the range of −1 ≤ φ ≤ −0.5 similar to
Mises strain, but BMK parameter expresses the trend of the experimental data better than Mises strain. The maximum principal strain takes a constant value in the range of −1 ≤ φ ≤ 0 but increases with φ in the principal strain ratio larger than 0. Note that the principal strain in the thickness direction is taken assuming incompressibility of materials in the principal strain range larger than 0. COD and LE parameters both well describe the trend of the experimental data so that these parameters are essentially suitable to correlate multiaxial LCF lives. However, LE parameter does not agree with the tensile strain in a uniaxial push-pull test, so it is not an equivalent strain in a rigorous meaning. Fig.10 Variation of low cycle fatigue lives with the principal strain ratio for Type 304 stainless steel cruciform specimens at 923K (Itoh, et al., 1994 ). Fig.11 Comparison of multiaxial low cycle fatigue parameters (Itoh, et al., 1994) .
Nonproportional low cycle fatigue parameter
In Section 5, characteristics of proportional LCF lives were discussed but we will discuss the nonproportional LCF lives where the principal directions are changed with time. Under nonproportional loading, many slip planes are activated because of large shear stresses spread in many slip planes. By the interactions of many slip planes, the stress range is increased in nonproportional loading than in proportional loading, called additional hardening, resulting in shorter LCF lives in nonproportional LCF, Fig.12 .
Systematic nonproportional LCF tests performed by Itoh, et al. (Itoh, et al., 1995) demonstrated the close relationship between the additional hardening and nonproportional LCF lives using Type 304 stainless steel tube specimens in tensiontorsion loadings. They also proposed a new equivalent strain expressed by
In the equation, ∆ε NP is the nonproportional strain, α the constant to express the material dependency of additional hardening, and f NP the nonproportional factor that expresses the severity of nonproportional loading. f NP is defined as, Fig.12 Interaction between slip planes due to nonproportional loading. where T is the time for a cycle, k is a constant for making f NP = 1 in the circular straining on ߝ − ߛ√3 plot and k = π/2. ε I (t) is the maximum absolute value of the principle strain given by ε I (t) = Max[|ε 1 (t)|,|ε 3 (t)|] at time t and the ε Imax is the maximum value of ε I (t) in a cycle. Max[ ] means to take the maximum value in the brackets, in a cycle. In the equation, the angle ߦ(t)/2 is employed in order to describe the rotation of principal strain direction and is defined as the angle between principal directions of ε Imax and ε I (t) in the specimen (Itoh, et al., 1995) . The integrand measures the rotation of the maximum principal strain direction and the integration the strain amplitude after the rotation. Nonproportional strain has a similar form of expressing the amount additional hardening proposed by Kanazawa (Kanazawa, et al., 1979) . The values of α for a few materials are reported in the literature (Socie and Marquis, 2000) and which has a close connection with the stacking fault energy of materials (Itoh, et al., 1992) since the stacking fault energy is a material constant that characterizes the slipping form. The material with low stacking fault energy shows planar slips resulting in a large amount of additional hardening because of intense interactions of slip planes. Austenitic stainless steels are typical materials in this category. The material with high stacking fault energy, on the other hand, gives wavy slips yielding a little amount of additional hardening. Aluminum alloys are materials in this category. Materials science approach is important for studying the mechanisms of additional hardening and nonproportional LCF lives but only a few papers challenge this kind of topic (Nishino, et al., 1986) (Kida, et al., 1997 ) (Mayama and Sasaki, 2006 ). Itoh, et al. performed systematic tension-torsion nonproportional LCF tests using fourteen strain paths shown in Fig.13 for Type 304 austenitic stainless steel tube specimens, where the ordinate is the shear strain and the abscissa is the axial strain (Itoh, et al., 1995) . The correlation of the LCF lives with the principal strain range is shown in Fig.14 (a) tested using the strain paths shown in Fig.13 . The figure indicates that the LCF lives significantly vary depending on the strain history and degree of nonproportionality. Many multiaxial LCF lives under nonproportional loading are unconservatively estimated. The correlation with the nonproportional strain is shown in Fig.14 (b) . It gives the satisfactory correlation of nonproportional LCF lives where almost all the multiaxial LCF lives are collapsed within a factor of two scatter band, Fig.14 (b) .
Recent papers reported that the multiaxial LCF lives are reduced by the additional hardening for FCC materials but they are reduced with a little additional hardening for BCC materials (Itoh and Yang, 2011) .
Other than the nonproportional strain, many parameters have been proposed to correlate nonproportional LCF lives. They are also classified into strain and energy parameters. The modified parameter of LE strain expressed in Eq. (9) (Wang and Brown, 1993 ) is,
The strain was taken as the maximum value in the parenthesis of the right hand term of the equation. Another nonproportional LCF parameter is the path strain range (Kitade, et al., 1987) . It is estimated as a half path length of the straining shown in Fig.13 . Many open questions still exist in the nonproportional LCF lives and the essential is the lack of the critical experimental results that discriminate the advantages and disadvantages of the proposed nonproportional LCF parameters. (Itoh, et al., 1995) .
About multiaxial LCF parameter
As mentioned previously, numerous multiaxial LCF studies have been reported and many multiaxial LCF parameters have been developed. The parameters are classified into three categories of strain, stress and energy parameters. Some of them are discussed in this paper. The authors consider that the following points are important in considering the multiaxial LCF parameter.
Multiaxial LCF parameter should be based on the actual damaging mechanism of materials. Multiaxial LCF parameter should be easily understandable and acceptable to designers. The first point is essential for validating the correctness of the proposed parameter. In this regard, the failure mechanism of multiaxial LCF under proportional loading is mostly understood but still many open questions exist in that under nonproportional loading. The second point states that a multiaxial LCF parameter, that is not used in actual design, would not be referred and would be considered to be useless. Only a usable parameter in practical designs will survive for a long time. In this sense, the following points are important when discussing the multiaxial LCF parameters. The parameter should be simple enough to be used for designers and should be calculable automatically from the output of finite element analyses. The parameter should be applicable not only to tension-torsion LCF but also to 3 dimensional multiaxial LCF. Only a single scalar parameter is preferable that has the sign to calculate stress and strain ranges. Mises strain meets the top two requirements but does not have a negative sign so that it does not meet the third requirement. The authors consider a parameter based on the maximum principal strain with some modification being a potential candidate, like Eqs. (10) and (11), but there exist some open questions and the improvement needed for these equations.
Concluding remarks
This paper overviews some topics in multiaxial LCF but other important topics remain undiscussed. The authors state open questions be solved in future instead of conclusions.
Understanding crack directions in multiaxial LCF that gives a physical background to multiaxial LCF parameters. Development of inelastic fracture mechanics parameters for cracks that propagate in multiaxial proportional and nonproportional LCF. Development of a physical damage model that describes the reduction of LCF life under nonproportional LCF with a little additional hardening. Development of simple parameter that correlates random LCF lives under multiaxial LCF. Development of multiaxial LCF parameter for notched components.
